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Depolymerization of macromolecules is generally regarded as a first order process with a kinetic function that depends on the
molecular weights of the fragmenting molecule and fragmentation products. This article describes a computation scheme for
obtaining the kinetic function from observed molecular weight distribution (MWD) data. The integro-differential equation used
by most investigators to compute MWD with some assumed kinetic function is reformulated as an inverse problem in which the
kinetic function is treated as the unknown to be extracted from evolving MWD data. A numerical procedure based on two
consecutive applications of Tikhonov regularization is developed to solve this inverse problem. It gives the kinetic function as
the solution of a set of linear algebraic equations. Implementation of this procedure is described in full and its performance is
assessed by applying it to simulated MWD data. A number of issues associated with discretization and regularization are
discussed. VVC 2012 American Institute of Chemical Engineers AIChE J, 59: 912–922, 2013
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Introduction

Depolymerization kinetics of macromolecules is not only
of interest to polymer chemists but also to chemical engi-
neers as it is central to the understanding of processes such
as cracking of heavy petroleum fractions and depolymeriza-
tion of waste plastics for possible recycling as industrial raw
materials. In the laboratory macromolecules are cleaved, for
example, by sonication, by chemical or biochemical reac-
tions and thermally into a large collection of small fragments
of different sizes. As depolymerization progresses the ratio
between the maximum mmax, and minimum mmin molecular
weight of the fragments observed can be 103 or larger. Con-
sequently, it is no longer a fruitful exercise to track the
increase or reduction in concentration of each individual
macromolecular species.1 Instead, the molecular weight m is
treated as a continuous variable and the progress of the de-
polymerization process is quantified by a concentration den-
sity function c(t, m) that depends on two continuous varia-
bles; depolymerization time t and molecular weight m. At
any time t the molar concentration of the fragment with mo-
lecular weight between m-dm/2 � m � mþdm/2 is given by

c(t, m)dm. The total mass, mtotal, of the macromolecules
which remains constant during the depolymerization process
is given by the first moment of the concentration density
function. Results of depolymerization investigation are rou-
tinely presented as plots of c(t, m) vs. m with t treated as an
independent parameter held fixed on each plot. They are
referred to as molecular weight distribution (MWD) curves
and provide a very vivid picture of the progress of the depo-
lymerization process. Until recently the determination of
MWD in the laboratory was not simple to perform and
MWD curves were reported only for a very small numbers
of discrete time steps—often just the initial MWD and that
at the end of the experiment. With the advances in instru-
mental analysis techniques, particularly in gel permeation
chromatography (GPC), more MWD curves, as many as 5 to
10 measurement time steps, spreading over a depolymeriza-
tion time of 10 to 20 hours are now appearing in the litera-
ture.2–5 Future automation of GPC is likely to increase the
number of measurement time steps opening up new
approaches in quantitative investigation of the kinetics of de-
polymerization.

Mass balance of size m macromolecules, for mmin \ m \
mmax, during the depolymerization process leads directly to
an integro-differential equation for c(t, m). This equation is
closely related to the population balance equation (PBE)
(Eq. 1) widely used in the investigation of flocculation
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processes.6,7 This equation coupled with the initial MWD
curve c(0, m) can be solved by a variety of techniques to
yield the computed MWD curves for a preassumed depoly-
merization kinetics. This route to computed MWD curves is
generally referred to as the direct problem of depolymeriza-
tion. One of these techniques for the direct problem is the
method of lines (MoL).8,9 Comparison of the computed
MWD curves against the corresponding experimental curves
is then used to test the validity and to improve the assumed
depolymerization kinetics. The general approach here is to
adjust the numerical parameters in the preassumed kinetics
so that the computed MWD curves match up with their ex-
perimental counterpart. Such an approach has a number of
obvious drawbacks. Chief among these is that it requires, at
the very outset of the MWD computation, the adoption of a
specific functional form of the depolymerization kinetics
from a bewildering array of possible forms. Very frequently
this approach does not lead to a well-defined kinetics for a
given set of MWD curves.

The present investigation adopts an entirely different
approach to the determination of the kinetics of macromole-
cule depolymerization. Its aim is to extract the depolymer-
ization kinetics directly from a set of general evolving
MWD curves without having to solve the PBE as an integro-
differential equation and without making specific assumption
regarding the functional form of the kinetic function. Mathe-
matically this problem is known as the inverse problem of
depolymerization. The treatment of this inverse problem in
the present investigation differs significantly from that
adopted by, for example, Sathyagal et al.10 in which they
assumed that the kinetic functions for self-similar MWD
curves can be represented by a preselected set of basis func-
tions. A consequence of the more general treatment adopted
here means that the inverse problem is ill-posed and special-
ized solution techniques are required. In this investigation,
Tikhonov regularization will be used.11,12 This is a special-
ized technique for handling a wide range of inverse prob-
lems. The formulation of the inverse problem and the associ-
ated numerical solution steps will be described. To ensure
ease of adoption of the solution technique by would be users
the key formulation steps are described in detail. A general
purpose commercial scientific computing software is used to
perform all the numerical steps so that no specialized soft-
ware is required. The efficacy of the procedure is demon-
strated through a number of examples to show its reliability
and general applicability.

Kinetic Function and the Inverse Problem of
Depolymerization

The governing equation for c(t, m) is

@cðt;mÞ
@t

¼
Zmmax

mr¼mþmmin

kðmr;mÞcðt;mrÞdmr

� cðt;mÞ
2

Zm�mmin

mp¼mmin

kðm;mpÞdmp ð1Þ

This is an abridged form of the PBE.13 For brevity the
subscript used to indicate that m is held fixed in the temporal
derivative on the LHS has been suppressed. It is tacitly
assumed that depolymerization conditions are such that
molecules do not combine to form larger ones and conse-

quently the terms associated with aggregation in the full PBE
have been left out in Eq. 1. The first integral on the RHS gives
the rate of formation of size m macromolecule arising from the
disintegration of larger macromolecules mr into m and mr – m
(where mr [ m). The second integral gives the rate of
disappearance of macromolecule m as a result of its
disintegration into smaller fragments mp and m – mp (where
mp \ m). The numerical coefficient 1/2 is to correct for the
double counting associated with this integral. The difference
between the two integrals gives the accumulation or depletion
rate of size m molecules, i.e., qc(t, m)/qt.

Implicit in Eq. 1 is the simple assumption that the rate of
binary fragmentation of size mr macromolecule

mr ! mp þ ðmr � mpÞ (2)

is proportional to c(mr, t). The complication here is that the
‘‘constant’’ of proportionality changes with the molecular
weight mr and also with that of the products mp, mr � mp.1

Fragmentation rate ¼ �kðmr;mpÞcðmr; tÞ (3)

This dependence is made explicit by using k(mr, mp), the
kinetic function, to denote the ‘‘constant.’’ The way the kinetic
function varies with mr and mp characterizes the binary
fragmentation behavior of the macromolecule. Apart from the
requirement that k(mr, mp) be a well-behaved positive function
with k(mr, mp) ¼ k(mr, mr � mp) its functional form is
generally not known and has to be determined either from
observed MWD data or from depolymerization mechanism
considerations.

Even though both the direct problem and the inverse prob-

lem of depolymerization are based on Eq. 1 the mathemati-

cal nature of the two problems are entirely different and

require completely different solution procedure. In the direct

problem Eq. 1 is an integro-differential equation for the

unknown c(t, m). This is a well-posed problem with well-

established methods of solution.14 In the inverse problem,

Eq. 1 becomes an integral equation of the first kind for the

unknown kinetic function k(mr, mp). Such an integral equa-

tion is known to be an ill-posed problem in which noise

amplification is a serious issue.11 There are no generally

accepted methods of solution. In this investigation, through a

series of preprocessing steps the integral equation is con-

verted into a set of linear algebraic equations to be solved,

together with Tikhonov regularization to suppress noise, for

the unknown k(mr, mp).
The first preprocessing step is to compute the temporal de-

rivative qc(t, m)/qt on the LHS of Eq. 1 from the observed
MWD data. This step in itself is an inverse problem and will
be referred to as the first inverse problem to distinguish it
from the main inverse problem of solving for the kinetic
function k(mr, mp). The latter will be referred to as the sec-
ond inverse problem. As the name implies the first inverse
problem also suffers from unavoidable noise amplification.11

In the present investigation, the temporal derivatives of the
first inverse problem will be obtained using the numerical
procedure described by Lubansky et al.15 Their procedure
also relies on Tikhonov regularization to keep noise amplifi-
cation under control. The qc(t, m)/qt is computed for a set of
selected molecular weights mselm ¼ [mselm1, mselm2,

…mselmr…, mselmR ]T. It is a small subset, typically consist-
ing of R ¼ 9 to 15 points, of the large set of uniformly
spaced discretization grid points (to be introduced below) of
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the independent variable mmin � m � mmax. Provided the
available MWD curves include a large enough number of
measurement time steps, typically larger than about 15, ex-
perience shows that Tikhonov regularization is able to cope
with the usual random measurement noise in c(t, m) to yield
the temporal derivatives reliably.

With the numerically obtained derivatives qc(t, mselm)/qt
and the MWD data regarded as known input, it is more fit-
ting to rewrite Eq. 1 as

Zmmax

mr¼mselmþmmin

kðmr;mselmÞcðt;mrÞdmr �
cðt;mselmÞ

2

Zmselm�mmin

mp¼mmin

kðmselm;mpÞdmp ¼ @cðt;mselmÞ
@t

ð4Þ

This is the integral equation of the first kind mentioned above
that will be converted into a set of linear algebraic equation for
the unknown kinetic function k(mr, mp). It is the starting point
of the second inverse problem. This integral equation has
multiple known RHS - one arising from each member of the
set of selected molecular weights mselm. The independent
variables are t and mselm and the kernel of the integral equation
is c(t, mr) in the first integral and unity in the second integral.

To ensure generality all the computation steps for the kinetic
function will be based on a dimensionless equivalent of Eq. 4. To
this end the following dimensionless variables are introduced

M � m=mmax; Mr ¼ mr=mmax; Mp ¼ mp=mmax;

Mselm � mselm=mmax;

s � t=tmax; tselt � tselt=tmax;

Cðs;MÞ � ðmmaxÞ2cðt;mÞ=mtotal;

KðMr;MpÞ � ðtmax � mmaxÞkðmr;mpÞ:

(5)

These led directly to the dimensionless equivalent of Eq. 4

Z1

Mr¼MselmþMmin

KðMr;MselmÞCðs;MrÞdMr �
Cðs;MselmÞ

2

�
ZMselm�Mmin

Mp¼Mmin

KðMselm;MpÞdMp ¼ @Cðs;MselmÞ
@s

� Hðs;MselmÞ:

ð6Þ

In this dimensionless equation of the second inverse problem
the dimensionless time varies between 0 � s � 1 and the
dimensionless molecular weight between Mmin � Mr, Mp � 1.
As mmin \\mmax in most depolymerization investigation, its
dimensionless counterpart will be approximated by Mmin ¼ 0
in all the examples below. The definition of C(s, M) means
that its first moment is equal to unity for all s.

To make discretization of Eq. 6 and the associated matrix
manipulations easier to follow the numerically evaluated de-
rivative qC(s, Mselm)/qs will be denoted by H(s, Mselm) and
treated as a known function of s and Mselm.

Discretized independent variables, kinetic function,
and integral equation

In the numerical scheme to solve the second inverse prob-
lem the discretized molecular weight 0 � M � 1 will be

denoted by the column vector M ¼ [M1 ¼ 0, M2, ….Mj,…
MND

¼ 1]T. Typically the number of discretization points in
M is ND ¼ 51 or 101 or 201. In the solution scheme, the
discretized equivalent of Eq. 6 will be met at a set of
selected dimensionless time s denoted by the column vector
sselt ¼ [sselt1, sselt2, ….., sseltw, … sseltW-1, sseltW]T. This is a
subset of the measurement time steps at which the MWD
curves C(s, M) are available. The size of sselt is relatively
small; typically 5 � W � 10. As mentioned earlier, Mselm,
the selected molecular weight at which H(s, Mselm) : qC(s,
Mselm)/qs are evaluated, is a subset of M. For example, for
ND ¼ 101, a typical subset is Mselm ¼ [M11, M21, M31,
….,M91]T, i.e., every tenth internal points of the discretiza-
tion grid.

The unknown function K(Mr, Mp) after discretization takes
the form of a two-dimensional (2-D) matrix K with elements
Ki, j where 1 � i, j � ND. The first index is associated with
the fragmenting macromolecule Mr and second index is with
that of the product of fragmentation Mp. Even for a rela-
tively moderate ND of 51 or 101 or 201 K is a very large
matrix. However, because of the physical properties of the
kinetic function, the number of independent unknown Ki, j to
be determined is much smaller. For example, as 0 � Mp �
Mr this leads directly to the restriction j \ i thereby cutting
the number of physically relevant and unknown Ki, j by half.
The physical requirement K(Mr, Mp) ¼ K(Mr, Mr � Mp)
reduces the number of independent Ki, j by a further factor
of 2. As macromolecules with Mp ¼ Mmin are not observed
consequently K(Mr, 0) ¼ K(Mr, Mr) ¼ 0 for any 0 � Mr �
1. These are eliminated from the list of unknown Ki, j. All
the reductions in the number of unknown Ki, j are summar-
ized by

Ki;1 ¼Ki;i ¼ 0 for any i

Ki;j is defined only for j\ i

Ki;j ¼ Ki;i�j

(7)

In the solution scheme for the kinetic function instead of

treating the independent unknown Ki, j as elements of a 2-D

matrix they are grouped together and treated as the elements of

an unknown column vector C ¼ [C1, C2, …Ck, … CK]T. A

simple two-way mapping can be defined between the elements

of Ck and Ki,j. For example, as the first nontrivial unknown

element of K is K3,2 thus C1 ¼ K3,2. It follows that C2 ¼ K4,2

¼ K4,3, C3 ¼ K5,2 ¼ K5,4 , C4 ¼ K5,3, etc. K, the total number

of unknown Ck, depends on ND. For example, for ND ¼ 101

the total number of elements in K is 101 � 101 ¼ 10,201 but

the size of the corresponding C is only K ¼ 2,500.
To satisfy Eq. 6 at the set of selected time sselt for the set

of selected molecular weight Mselm, the known numerical
values of H(s, Mselm) on the RHS, after discretization, will
also result in a 2-D matrix H with typical element Hselt, selm

where the two indices correspond to the indices of sselt and
Mselm, respectively. As with K, the elements of the matrix
H ¼ [{Hselt1,selm1, Hselt1,selm2,… Hselt1,selmR}, {Hselt2,selm1,
Hselt2,selm2, …Hselt2,selmR},…{HseltW,selm1, HseltW,selm2, …
HseltW,selmR}] will also be treated as a column vector in the
solution process. This known column vector will be denoted
by U ¼ [U1, U2,… Ux, … UX]T. The elements of U are
related to that of H, for example, U1 ¼ Hselt1,selm1, U2 ¼
Hselt1,selm2, etc. The size of the column vector U is therefore
given by X ¼ W�R. - the number of Eq. 6 that has to be
satisfied. Typically this is around 40 to 80.
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In terms of the discretized variables, the discretized equiv-
alent of Eq. 6 is

XND

i¼selmþ1

li;selmKi;selmCselt;iD� Cselt;selm

2

Xselm�1

j¼2

mselm;jKselm;jD

¼ Hselt;selm 1 � selt ¼ W; 1 � selm � R ð8Þ

The two integrals in the original equation, approximated by
quadrature using the trapezoidal rule, now appear as two
summations. li,selm and mselm,j are numerical coefficients
associated with the trapezoidal rule, i.e., li,selm and mselm,j ¼
1 for discretization points in the interior of the integrals and 1/
2 at the end points of the integrals. D ¼ (1 � Mmin)/(ND � 1)
is the discretization step size. For any combination of
the indices i, selt and selm the coefficients Cselt,i and
Cselt,selm are known numerical quantities given by the MWD
curves.

Thus the LHS of Eq. 8 can be treated as a linear combina-
tion of the unknown elements of K, i.e., of C ¼ [C1, C2,
…Ck, … CK]T and the RHS is an element of the known col-
umn vector derived from H, i.e., of U ¼ [U1, U2,… Ux, …
UX]T. This is the linear algebraic equations of the second
inverse problem which can be written in a compact matrix
form

GC ¼ U (9)

where G is a X�K matrix. The row order of G is the same as
the order by which the elements of H are arranged in U.
Within a row of G the numerical value of its elements are
given by li,selm Cselt,iD or �Cself,selm mselm,j D/2. The location
of these coefficients within the row is determined by the
running indices i and j according to the two-way mapping
between Ck and Ki,j. Elements not covered by the two running
indices are identically zero. In short all the elements of G are
known numerical coefficients.

G is not a square matrix and therefore does not have an
inverse. An approximate solution C to Eq. 9 can be obtained
by minimizing the sum of squares (SoQ) of the deviation of
GC from the known computed temporal derivatives U, i.e.,
minimizing

SoQ½deviation� ¼ ½GC�U�T½GC�U� (10)

However, such a solution is likely to exhibit unphysical
fluctuations making it unacceptable. Tikhonov regularization
is applied to keep the fluctuations under control.11

Kinetic function based on Tikhonov regularization

In the present investigation the fluctuation exhibited by C
is suppressed by requiring its elements Ck to minimize the
sum of squares of q2K/qMr

2 and that of q2K/qMp
2 at internal

discretization points. This condition is to be imposed simul-
taneously with the minimization of the SoQ in Eq. 10.
For this purpose the second partial derivatives of Ki,j at a
typical discretization point are approximated by central finite
difference

@2Ki;j

@M2
r

¼ Kiþ1;j þ Ki�1;j � 2Ki;j

D2
for 3 � i � N � 1;

1\j � i� 1 ð11aÞ

@2Ki;j

@M2
p

¼ Ki;jþ1 þ Ki;j�1 � 2Ki;j

D2
for 3 � i � N;

1\ j � i� 1 ð11bÞ

The limits placed on the indices in these expressions are such
that no unknown Ki, j outside the range covered by the MWD
data will be introduced. After the elements of K in these
expressions are replaced by their equivalents in the column
vector C, Eq. 11 can be put in the form of linear combinations
of the elements of this vector

@2Cf

@M2
r

¼ Ef ¼
XK
k¼1

a1;kCk or E ¼ aC (12a)

@2Cf

@M2
p

¼ Ff ¼
XK
k¼1

b1;kCk or F ¼ bC (12b)

where af ,k and bf, k are known numerical coefficients arising

from standard central difference approximation of second

derivative. a and b are sparse matrices. For a given Cf, only

those coefficients associated with the immediate neighbors of

Ki,j that corresponds to Cf are nonzero while all other elements

are identically zero. Column vectors E and F are shorthand

notations used to represent the second derivatives to simplify

the subsequent matrix manipulations. Equation 12 can be

further simplified by combining the column vectors E and F

and the matrices of coefficients a and b leading to a single

matrix equation for both of the second derivatives

D ¼ E

F

8>:
9>; ¼ a

b

8>:
9>;C ¼ AC (13)

D is the combined column vector of the second derivatives to
be kept small and A is a known composite sparse matrix of
numerical coefficients consisting mainly of 0’s with 1/D2 or
�2/D2 at the appropriate locations. To suppress excessive
fluctuation in C the SoQ of the elements of D is minimized. In
terms of Eq. 13 this reduces to minimizing

SoQðDÞ ¼ ðACÞTAC ¼ CTATAC (14)

The matrix A which depends only on ND and the two-way
mapping between K and C will be referred to as the
smoothness matrix.

In Tikhonov regularization instead of meeting the accu-
racy condition represented by Eq. 10 or the smoothness con-
dition represented by Eq. 14 separately the following sum of
the two SoQs is minimized.

R ¼ ½GC�U�T ½GC�U� þ vCTATAC (15)

R is referred to as the residual and v, a positive constant, is the
Tikhonov regularization parameter. A large v favors a smooth
solution and a small v ensures that Eq. 9 is closely satisfied.
The C that minimizes R is given by12,16

C ¼ ½GTGþ vATA��1
GTU (16)

The regularization parameter v is not a kinetic property of the
depolymerization system under investigation. It depends on
the noise level in the MWD data and on the number of
discretization points. In all the examples in the next section v
will be selected so that the resulting average deviation in Eq. 9
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is comparable with the estimated error bar in the computed
temporal derivatives U. This is often referred to as the
Morozov principle in the inverse problem literature.11 In
addition, the choice of v will also be guided by the expectation
that the resulting kinetic function K(Mr, Mp) should be
physically meaningful.

Results

The performance of the solution scheme described above
will now be tested by using Eq. 16 to extract the kinetic
function K(Mr, Mp), via C, from a number of sets of evolv-
ing MWD curves C(s, M). These curves are the solutions of
the direct problem of depolymerization generated by MoL.
Working with simulated C(s, M) allows the K(Mr, Mp) given
by Eq. 16 to be checked against that used in the direct prob-
lem. At the same time it will reveal the practical require-
ments placed on MWD curves C(s, M) by the inverse prob-
lem and the critical steps in the solution procedure. All the
independent variables, MWD curves and kinetic functions in
the following examples are in the dimensionless form intro-
duced above.

Simple simulated MWD curves

This example is based on the simulated MWD curves gen-
erated by MoL with the kinetic function

KðMr;MpÞ ¼ 60MpðMr �MpÞ;Mp � Mr: (17)

This is shown graphically in Figure 1a where Mr is kept
constant on each curve while Mp varies between 0 � Mp � Mr.
This kinetics is based on the simple but physically realistic
assumption that in binary fragmentation larger molecules
generally disintegrate at a higher rate than smaller ones. It
further assumes that when a macromolecule disintegrates it is
more likely to break into two fragments of similar size than
two that are vastly different in size.17 The numerical factor on
the RHS of Eq. 17 is the constant of proportionality between
fragmentation rate and Mp and (Mr � Mp) and its numerical
value depends on the time scale of the problem.

A set of simulated MWD curves based on Eq. 17 is shown
in Figure 1b. These are plots of C(s, Mr) against Mr with s,
treated as a parameter, kept constant for each curve. These
curves for the 17 measurement time steps shown in the fig-
ure, simulate experimental measurements that monitor the
temporal progress of depolymerization. The broken curve is
the arbitrary initial condition. Mass preservation of macro-
molecules (better than 99%) was performed to check the
reliability of these simulated results.

To generate the temporal derivative H(s, M) : qC(s, M)/
qs on the RHS of Eq. 6, the curves in Figure 1b, for selected
molecular weight Mselm, are replotted as function of s in
Figures 2a, b. The 11 members of Mselm are shown in the
figure caption. When differentiated numerically with respect
to s the resulting qC(s, M)/qs curves are shown in Figure
2c. With 17 measurement time steps on each of the curves
in Figures 2a, b the numerical differentiation procedure of
Lubansky et al. was able to generate the temporal derivatives
reliably—particularly at the interior of 0 \ s\ 1.15 To keep
the changes to the computer code for the first inverse prob-
lem to a minimum the number of discretization points in the
interval 0 � s � 1 was kept fixed at 101 in this example
and also in the following two examples.

The discrete points in Figure 2c are the temporal deriva-
tives at six selected dimensionless time sselt ¼ [0.3, 0.35,

0.4, 0.5, 0.6, 0.7]T. These are stored as the column vector U
on the RHS of Eq. 9. sselt, as can be observed from Figure
2c, is an internal subset of the 17 measurement time steps in
Figure 1b. There are 6 � 11 ¼ 66 elements in U.

Substitution of the U and G derived from the simulated
MWD curves in Figure 1b together with the smoothness ma-
trix A of the discretization scheme into Eq. 16 yields C and
hence the discretized K(Mr, Mp) directly. These are shown as
discrete points in Figure 3. For comparison the curves from
Figure 1a are shown as lighter curves on the same plot. It is
clear that, apart from the small deviation for Mr ¼ 1, the ki-
netic function given by Eq. 16 is in very good agreement
with that assumed in the direct problem.

As a further check the depolymerization kinetics as repre-
sented by the discrete points in Figure 3 is used in the solu-
tion, by MoL, of the direct problem of depolymerization. To
this end these discrete points are interpolated locally, with
cubic polynomials, to generate a continuous kinetic function
K(Mr, Mp) needed in the MoL computation. The resulting
MWD curves of the direct problem are essentially indistin-
guishable from that in Figure 1b confirming the reliability of
the solution to the inverse problem given by Eq. 16. Interpo-
lation of the computed discrete kinetic data was carried out
automatically by standard scientific computing software

Figure 1. Simple kinetic function and MWD curves.

(a) Variation of kinetic function K(Mr,Mp) from Eq. 17 with

Mp. Mr is kept fixed on each curve. Mr ¼ 0.1 (left most), 0.2,

…0.9, 1.0 (right most). (b) Simulated MWD curves C(s, M)

based the kinetics in (a) for measurement time steps s ¼ 0

(broken curve), 0.025, 0.05, 0.075, 0.1, 0.15, 0.2, 0.25, 0.3,

0.35, 0.4, 0.5, 0.6, 0.7, 0.8, 0.9, 1(left most).
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requiring no additional input. Besides MoL computation, the
interpolated function can be used in any computation involv-
ing K(Mr, Mp). The only restriction is that it should not be
differentiated as this will amplify the unavoidable noise pres-
ent in the discrete points in Figure 3.

In this example, ND ¼ 51 for the discretization of 0 � M
� 1. Refinement of the discretization did not result in

observable difference in the resulting kinetic function. For
the results in Figure 3, the Tikhonov regularization para-
meter v ¼ 0.001. As frequently observed in Tikhonov regu-
larization computations, these results are not very sensitive
to changes in v. Halving or doubling this parameter did not
change the computed kinetic function significantly. v should
be regarded strictly as a noise control parameter and not a
physical property of the fragmenting macromolecules.
For further elaboration on the choice of v see ‘‘Discussion’’
section.

Kinetic function exhibiting a maximum at
intermediate molecular weight

In the previous example, the kinetic function increases
with Mr reflecting the reduced stability of larger macromole-
cules. However, physical factors such as lower random
Brownian motion of larger molecules may cause stability to
increase beyond certain critical molecular weight. Under
these conditions, the kinetic function may exhibit a maxi-
mum at some intermediate Mr. This behavior is exhibited by
the following kinetic function18

K ¼ ðMr;MpÞ¼997:523e�3MrMpðMr �MpÞ; Mp � Mr (18)

As shown in Figure 4a. This is a generalization of the kinetic
function in Eq. 17 with the introduction of the explicit negative
exponential dependence on Mr and the choice of two
adjustable numerical parameters.

Following the presentation sequence of the previous exam-
ple, the simulated MWD curves based on Eq. 18 are shown
in Figure 4b. These are for the same set of measurement
time steps shown in Figure 1b. The temporal behavior of
C(s, M) for a slightly different set of 11-point Mseltm are
shown in Figures 5a, b. The temporal derivatives qC(s, M)/
qs obtained by numerical differentiation are shown in Figure
5c. The discrete points are the temporal derivatives stored as
the column vector U. They are for the combinations of sselt

and the new Mselm as in the previous example,
The kinetic function extracted by Eq. 16 from the data in

Figure 4b, is shown as discrete points in Figure 6. It is clear
that this solution, with the exception of the discrete points
for Mr ¼ 1, is in very satisfactory agreement with the contin-
uous curves from Figure 4a. See discussion below. To

Figure 2. Temporal variation and temporal derivatives
of C(s, M).

(a) and (b) Plots of C(s, M) based on Eq. 17 against s.
On each curve M is kept fixed at the indicated molecular

weight Mselm ¼ [0.04(l), 0.1( ), 0.2(n), 0.3( ), 0.4(^),

0.5( ), 0.6(~), 0.7( ), 0.8( ), 0.9( ), 0.94(!)]T. (c) Var-

iation of temporal derivatives with s for the Mselm in (a)

and (b). Discrete points are the derivatives at sselt ¼ [0.3,

0.35, 0.4, 0.5, 0.6, 0.7]T.

Figure 3. Comparison of kinetic functions.

Discrete points are the solution given by Eq. 16 and the

light continuous curves are from Figure 1a.
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achieve this level of agreement the number of discretization
points in molecular weight was increased to ND ¼ 101 to
cope with the more rapid variation exhibited by the MWD
curves. The corresponding v ¼ 0.0001. The MoL solution of
the direct problem using the computed kinetic function is, as
in the previous example, essentially indistinguishable from
the solution of the direct problem in Figure 4b.

Kinetic function with nonlinear dependence on
molecular weights

In the investigation of particulate processes it is common
practice to assume that the kinetics of particle fragmentation
depends on the size of the participating particles raised to
some semiempirical exponents.19 In depolymerization
kinetics this would correspond to raising the factors Mr, Mp

and (Mr � Mp) in the kinetic function K(Mr, Mp) to some
exponents. An arbitrary generalization of Eq. 18 along this
line of reasoning is

KðMr;MpÞ ¼ 31:991 � 103e�5MrM2
pðMr �MpÞ2; Mp � Mr

(19)

This function is shown graphically in Figure 7a. It is used to
test the performance of Eq. 16 in coping with more general

kinetics. A set of simulated MWD curves based on this
kinetics is shown in Figure 7b. These are for the same set of
measurement time steps as in the previous examples.

The discrete points in Figures 8a, b show the temporal
behavior of C(s, Mr) for a set of Mselm. To cope with antici-
pated numerical difficulties Mselm now has 13 points with
additional points added for M close to 0 and 1. See figure

Figure 4. Kinetic function with intermediate maximum
and MWD curves.

(a) Variation of kinetic function K(Mr, Mp) from Eq. 18

with Mp. Mr is kept fixed at the same set of values as

Figure 1a on each curve. (b) Simulated MWD curves

C(s, M) based on the kinetics in (a) for the same set of

measurement time steps as in Figure 1b.

Figure 5. Temporal variation and temporal derivatives
of C(s, M).

(a) and (b) Plots of C(s, M) based on Eq. 18 against s.
On each curve M is kept fixed at the indicated molecular

weight Mselm ¼ [0.02(l), 0.1( ), 0.2(n), 0.3( ), 0.4(^),

0.5( ), 0.6(~), 0.7( ), 0.8( ), 0.9( ), 0.98(!)]T. (c) Var-

iation of temporal derivatives with s for the set of Mselm

in (a) and (b). Discrete points are the derivatives at the

same set of sselt in Figure 2c.
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caption. As before the temporal derivatives qC(s, Mr)/qs
generated by the first inverse problem are shown in Figure
8c. The discrete points are again the derivatives for the com-

binations of sselm and Mselm stored as U which now has 6 �
13 ¼ 78 elements.

Following the presentation as the previous examples, the
computed kinetic function given by Eq. 16 with ND ¼ 101 is
displayed as discrete points in Figure 9. v ¼ 0.001 for this
set of results. For comparison the original kinetic function is
shown as lighter curves on the same figure. The agreement

Figure 6. Comparison of kinetic functions.

Discrete points are the solution given by Eq. 16 and the

light continuous curves are from Figure 4a.

Figure 7. Nonlinear kinetic function and MWD curves.

(a) Variation of kinetic function K(Mr, Mp) from Eq. 19

with Mp. Mr is kept fixed at the same set of values as

Figure 1a on each curve. (b) Simulated MWD curves

C(s, M) based the kinetics in (a) for the same set of mea-

surement time steps as in Figure 1b.

Figure 8. Temporal variation and temporal derivatives
of C(s, M).

(a) and (b) Plots of C(s, M) based on Eq. 19 against s.
On each curve M is kept fixed at the indicated molecular

weight Mselm ¼ [0.02(l), 0.05( ), 0.1(n), 0.2( ), 0.3(^),

0.4( ), 0.5(|), 0.6( ), 0.7(~), 0.8( ), 0.9( ), 0.95( ),

0.98(!)]T. (c) Variation of temporal derivatives with s
for the Mselm in (a) and (b). Discrete points are the

derivatives at the same set of sselt in Figure 2c.
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between the discrete points and the continuous curves is
very satisfactory with observable difference showing up only
for Mr [ 0.95. Again when the computed kinetic functions
is used in the MoL solution of the direct problem of depoly-
merization the resulting MWD curves are essentially indis-
tinguishable from that in Figure 7b.

Discussion

Obtaining the kinetic function speedily and reliably from
a set of observed MWD data is a computational problem of
immense practical interest. The examples show that the data
manipulation and numerical steps described above have suc-
ceeded in solving this problem by treating it as two consecu-
tive inverse problems. This success is attributed to the effec-
tiveness of Tikhonov regularization in keeping noise amplifi-
cation in check in both problems. In the first inverse
problem discrete concentration density vs. time data are dif-
ferentiated numerically to yield a smooth temporal deriva-
tive. The effectiveness of Tikhonov regularization in keeping
noise under control in numerical differentiation is well docu-
mented in the literature. The second inverse problem can be
regarded as one of solving a set of linear algebraic equations
for the discretized kinetic function. In this problem the num-
ber of unknowns exceeds the number of equations. Tikhonov
regularization is known to be effective in ensuring that the
resulting solution does not exhibit physically unrealistic fluc-
tuations. This too is well documented - certainly for one-
dimension problem and to a slightly lesser extent for its
higher-dimension counterparts. It is therefore reasonable to
expect the two-step procedure centered around Tikhonov
regularization to perform well in solving the inverse problem
of depolymerization.

While it is true that all the results reported above are
based on simulated MWD data it should be emphasized that
the solution procedure treats these data as discrete numerical
input completely independent of their origin and functional
form. The procedure also made no reference at all to the
kinetic functions used to generate the simulated data or any
assumption regarding their functional forms. This is very dif-
ferent from the popular procedure in the literature for inves-
tigating the kinetics of depolymerization in which an edu-
cated guess of the functional form of K(Mr, Mp) has to be
made followed by an iterative procedure to determine the

parameters in the assumed functional form. As already men-
tioned such a process often does not result in an acceptable
kinetic function. In direct contrast the present procedure of
determining K(Mr, Mp) does not involve lengthy iterative
computation. It only requires the relatively simple matrix
operations in Eq. 16. All the matrices associated with this
equation are just as simple to set up.

To ensure that the temporal derivatives qC(s, Mr)/qs
derived from the discrete data in Figures 2, 5, and 8 are reli-
able it is essential that, for each selected Mselm, the number
of data points on the evolving C(s, Mselm) curve is large
enough for Tikhonov regularization to work properly. Expe-
rience shows that, depending on the noise level in the data,
typically the data need to have 15 to 20 points. It was also
observed that the derivative associated with discretization
points close to the two ends of the data set are less reli-
able.15 For this reason only qC(s, Mr)/qs derived from inter-
nal discretization points of the data set were selected as the
RHS of the second inverse problem. Most of the depolymer-
ization MWD data in the literature only include between 3
and 10 measurement time steps. This makes the resulting
qC(s, Mr)/qs, for any Mselm, unreliable. This has prevented
the application of the present procedure to existing experi-
mental MWD curves. However, as MWD measurement by
GPC is further developed and automated, data sets with suf-
ficient number of time steps for qC(s, Mr)/qs evaluation will
become the norm.

In all the results presented above the size of the selected
dimensionless time sselt was kept fixed at X ¼ 6. Numerical
experimentation revealed that, with the quality of the tempo-
ral derivatives qC(s, Mr)/qs in Figures 2c, 5c, and 8c, X can
be reduced to as small as 3 to 4 points without significant
deterioration in the resulting kinetic function K(Mr, Mp).
This observation is clearly dependent on the quality of the
temporal derivatives generated by numerical differentiation
in the first inverse problem. This quality depends greatly on
the error bars associated with these data as well as the num-
ber of measurement time steps. It is reasonable to expect
that the detrimental effects of random errors in the temporal
derivatives can be ameliorated by enlarging the size of sselt.

The temporal derivative qC(s, Mselm)/qs on the RHS of
Eq. 6 is generally positive for large Mselm and negative for
small Mselm. In setting up the second inverse problem it is
sensible to aim for even coverage of this spread in values.
This is achieved by making, as mentioned above, Mselm ev-
ery tenth element of the discretized molecular weight M.
There is actually a considerable degree of freedom in assem-
bling the set Mselm both in terms of number and distribution
of elements in the set. The only restriction is that, for pro-
gramming simplicity, Mselm has to be a subset of M. To
reduce the size of the computation problem some elements
of Mselm can be left out. For example, examination of Fig-
ures 2c, 5c, and 8c shows that for some Mselm the qC(s,
Mselm)/qs is close to zero. It was observed that some of the
Eq. 6 with RHS close to zero can be selectively thinned out
without detrimental effects. Conversely if there are molecu-
lar weights where the derivatives qC(s, Mselm)/qs exhibit sig-
nificant features these clearly should be included in Mselm.
The setup of the computation scheme has the flexibility to
cope with such special cases.

K(Mr, Mp) is a function of two independent variables
therefore the second inverse problem requires regularization
in two dimensions. The decision, in the present investigation,
to minimize the SoQ of q2K/qMr

2 and that of q2K/qMp
2 in

Figure 9. Comparison of kinetic functions.

Discrete points are the solution given by Eq. 16 and the

light continuous curves are from Figure 7a.

920 DOI 10.1002/aic Published on behalf of the AIChE March 2013 Vol. 59, No. 3 AIChE Journal



the Tikhonov regularization computation is at odd with the
usual recommendation of minimizing the SoQ of the Lapla-
cian (q2K/qMr

2 þ q2K/qMp
2) for two-dimension regulariza-

tion.12,16 This is best regarded as a numerical expediency.
With central difference approximation, the Laplacian can
only be evaluated at internal discretization points without
introducing additional unknowns. Minimizing the SoQ of
Laplacian restricted to the internal discretization points
resulted in unacceptable fluctuations in the resulting K(Mr,
Mp) for Mr ¼ 1. While the second derivative q2K/qMr

2 at Mr

¼ 1 cannot be approximated by central difference without
special modification, this can be done with the second deriv-
ative q2K/qMp

2. It can therefore be included in the SoQ min-
imization of second derivatives. This has the effect of sup-
pressing the undesirable/unphysical fluctuation observed in
regularization based on the Laplacian. Such an ad hoc modi-
fication of the regularization procedure clearly requires fur-
ther analysis and justification. Other modifications, such as
using different finite difference schemes to approximate the
second partial derivatives of K(Mr, Mp) should also be
explored. All these are beyond the scope of the present
investigation.

The results in Figures 3, 6, and 9 show the common trend

of increasing error in the computed kinetic function in the

neighborhood of Mr ¼ 1. A quick examination of the numer-

ical coefficients associated with K(Mr ¼1, Mp) in Eq. 6 will

reveal the basic cause of this trend. These coefficients are

identically zero as C(s, Mr) ¼ 0 for Mr ¼ 1 and close to

zero for Mr close to unity. This implies that the value of ki-

netic function in this neighborhood is not determined by the

governing equation of depolymerization but is instead a con-

sequence of regularization.
As already mentioned the K matrix is very large even for

moderate ND. But after the reduction based on Eq. 7 the

actual number of unknowns in the Eq. 16 becomes quite

manageable. The resulting problem can easily be handled by

computers with 4G RAM. Computation with ND ¼ 101 takes

no more than 3 to 4 mins on a typical 2GHz machine. This

is assuming that all the temporal derivatives qC(s, Mr)/qs
from the first inverse problem have been computed before-

hand and stored as a column vector U ready to be retrieved

when required.
With increasing depolymerization time large numbers of

smaller-sized macromolecules are likely to be produced.
These show up in the evolving MWD curves as narrow
peaks at low molecular weight m. This raises the issue of
numerical resolution needed to deal with these peaks. In
principle by increasing ND it is possible for the discretization
scheme, uniform in m, to capture these peaks. This is an
ineffective way of coping with the numerical resolution
issue. With ND [ 301 or thereabout the two-step regulariza-
tion scheme is likely to require RAM in excess of 4 GB.
More significantly the main bulk of the additional discretiza-
tion points are located at large m where increase in resolu-
tion in not required. Recently, in their treatment of the direct
problem of flocculation, Yeow et al. demonstrated that this
resolution issue can be overcome by adopting log10m,
instead of m, as the independent variable and introducing a
discretization scheme that is uniform in the logarithmic vari-
able.20 This development can be adapted for the solution of
the inverse problem of depolymerization where the MWD
curves exhibit narrow peaks. Adoption of log10m as the inde-
pendent variable in the inverse problem of depolymerization

(and of flocculation) requires complete reformulation of the
governing equations and the corresponding details of the nu-
merical solution procedure. This is currently being investi-
gated.

In any application of Tikhonov regularization the choice
of the regularization parameter v is always an issue. For the
one-dimension regularization of the first inverse problem the
guidelines for setting v is well researched and reported.
These include the method of GCV,21 the L-curve22 and the
Morozov principle.11 For the two-dimension regularization
of the second inverse problem, a search of the literature has
failed to locate an easy to implement method for selecting v.
Instead, as previously mentioned, for the second inverse
problem the adjustment of v was based on a simple and
physically obvious reasoning. It was adjusted so that the dif-
ference between the LHS and RHS of Eq. 9 is kept small,
typically within about 10%, and which at the same time
resulted in a K(Mr, Mp) that is relatively free of unreal fluc-
tuations. This can usually be achieved with a few trial values
of v in Eq. 16. A final test can always be performed by
using the K(Mr, Mp) given by Eq. 16 in the MoL solution of
the direct problem of depolymerization and compare this
outcome against the original MWD curves. This test
revealed that only the order of magnitude of v is important
and there is no necessity to preform fine adjustment of this
parameter. Until a simple easy to implement guide based on
statistical or error analysis is available for higher-dimension
regularization the practical approach adopted here will prob-
ably suffice for most practical situations.

Conclusion

The PBE of depolymerization when reformulated as an
inverse problem provides a direct path for converting
observed MWD data to kinetic function. The numerical pro-
cedure, based on two consecutive applications of Tikhonov
regularization, is a reliable way of solving this inverse prob-
lem. The procedure is general in that it is not restricted to
MWD data or kinetic function of specified forms. The con-
stituent steps of the procedure are conceptually easy to
understand and computationally simple to implement. Unlike
currently popular methods for obtaining kinetic function, the
procedure does not involve extensive iterative computation
and can be performed using general purpose scientific com-
puting software running on present day laptops.

Notation

A ¼ composite matrix a and b Eq. 13
c ¼ concentration density function mole m�3 (mol wt)�1

C ¼ dimensionless concentration density function ¼ (mmax)2

� c/mtotal Eq. 5
D ¼ composite column vector E and F Eq. 12

E, F ¼ column vector of second derivatives of C Eq. 13
G ¼ X � K matrix of coefficients from LHS of discretized

Eq. 8
H ¼ matrix of qC/qs at selected time and molecular weight

Hselt,selm ¼ elements of H
k ¼ fragmentation kinetic function, (mol wt)�1 � s�1 Eq. 3
K ¼ dimensionless fragmentation kinetic function ¼ k �

tmax � mmax Eq. 5
K ¼ matrix of discretized K
Ki,j ¼ elements of K
m ¼ molecular weight
mp ¼ molecular weight of fragmentation product
mr ¼ molecular weight of fragmenting molecule

mtotal ¼ total mass of macromolecules, kg m�3
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mselm ¼ selected set of molecular weight
M ¼ dimensionless molecular weight ¼ m/mmax

ND ¼ number of discretization points
R ¼ residual Eq. 15
t ¼ fragmentation time, s

Greek letters

a , b ¼ matrices of numerical coefficients arising from central
difference Eq. 12

af,k, bf,k ¼ elements of matrices a, b
C ¼ column vector of independent unknown Ki,j

Ck ¼ element of column vector C
D ¼ discretization step size ¼ (1-Mmin)/(ND-1)
K ¼ total number of unknown Ck

li,selm, mselm,j ¼ coefficients of trapezoidal rule quadrature Eq. 8.
R ¼ total number of selected molecular weight
s ¼ dimensionless time ¼ t/tmax Eq. 5

sselt ¼ a set of selected s
U ¼ elements H rearranged as column vector
Ux ¼ element column vector U
v ¼ Tikhonov regularization parameter Eq. 15
W ¼ total number of Ux

X ¼ total number of Ux ¼ W � R

Subscripts

i, j ¼ positive integers, general indices
max ¼ maximum
min ¼ minimum

selm ¼ positive integer, index of mselm

selt ¼ positive integer, index of sselm

f ¼ positive integer, general indices
k, x ¼ positive integers indices of column vectors C and U,

respectively
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